Abstract. The notions of the extensions of bipolar fuzzy ideals, bipolar fuzzy prime ideals and bipolar fuzzy commutative ideals in BCK-algebras are introduced, and several properties are investigated.
Introduction
In 1966, Y. Imai and K. Iséki [1] introduced a notion called a BCKalgebra, and since then many researchers have investigated various properties of this algebra. Such algebra generalized the notion of sets with the set subtraction as the only nonnullary operation. The concept of fuzzy sets was introduced by L. A. Zadeh [10] . Since then fuzzy sets have been applied to other algebraic structures such as semigroups, groups and rings, etc. O. G. Xi [8] applied the concept of fuzzy set to BCKalgebras, and he investigated some results.
K. M. Lee [6] introduced the notion of bipolar-valued fuzzy sets which is an extension of fuzzy sets. K. J. Lee [5] introduced the notion of bipolar fuzzy subalgebras/ideals of a BCK-algebra, and investigated several properties.
In this paper, we introduce the notion of extensions of bipolar fuzzy ideals in BCK-algebras, and investigate some related properties of it. We also introduce the notion of bipolar fuzzy commutative ideals in BCK-algebras, and provide conditions for a bipolar fuzzy ideal to be a bipolar fuzzy commutative ideal.
Preliminaries
We begin with the following well-known definitions and results which are necessary for completeness.
An algebra (X; * , 0) of type (2, 0) is called a BCK-algebra if for all x, y, z ∈ X the following conditions hold:
e) x * y = 0 and y * x = 0 imply x = y. We can define a partial ordering "≤" on X by x ≤ y if and only if x * y = 0. Any BCK-algebra X satisfies the following axioms:
(
A nonempty subset S of a BCK-algebra X is called a subalgebra of X if x * y ∈ S whenever x, y ∈ S. A subset A of a BCK-algebra X is called an ideal of X if it satisfies the following conditions:
Now we review some fuzzy logic concepts. A fuzzy set in a set S is a function µ : S → [0, 1]. For any fuzzy sets µ and ν in S, we define
A fuzzy set µ in a BCK-algebra X is called a fuzzy subalgebra of X if µ(x * y) ≥ min{µ(x), µ(y)} for all x, y ∈ X. A fuzzy set µ in a BCK-algebra X is called a fuzzy ideal of X if it satisfies the following conditions:
K. M. Lee [6] introduced the notion of bipolar-valued fuzzy sets which is an extension of fuzzy sets. Let X be the universe of discourse. A bipolar-valued fuzzy set Ψ in X is an object having the form 
, and the negative membership degree µ N Ψ (x) denotes the satisfaction degree of x to some implicit counter-
and use the notion of biploar fuzzy sets instead of the notion of bipolar-valued fuzzy sets. For any bipolar fuzzy sets Ψ 1 = X; µ P
in X, we define
Theorem 2.4. ( [5] ) Every bipolar fuzzy ideal of a BCK-algebra X is a bipolar fuzzy subalgebra of X.
Bipolar fuzzy ideal extensions
In what follows, X would mean a BCK-algebra unless otherwise specipied.
Definition 3.1. Let Ψ = X; µ P Ψ , µ N Ψ be a bipolar fuzzy set of X, and let a, b ∈ X. The extension Ψ, (a, b) of Ψ by (a, b) is an object having the form
where µ, a
Note that Ψ, (a, b) is a bipolar fuzzy set of X. 
Proof. Let Ψ = X; µ P Ψ , µ N Ψ be a bipolar fuzzy subalgebra of a positive implicative BCK-algebra X and let a, b ∈ X. Then
is a bipolar fuzzy subalgebra of X. This completes the proof. Proof. Let Ψ = X; µ P Ψ , µ N Ψ be a bipolar fuzzy ideal of a positive implicative BCK-algebra X and let a, b ∈ X.
is a bipolar fuzzy ideal of X. This completes the proof.
In the above Theorem, "positive implicative" is essential as the following example shows. for all x, y ∈ X.
Note that every subalgebra of a commutative BCK-algebra is also commutative.
Theorem 3.9. ([2]) A BCK-algebra is implicative if and only if it is both commutative and positive implicative.
Definition 3.10. A bipolar fuzzy set Ψ = X; µ P Ψ , µ N Ψ is said to be non-constant if both µ P Ψ and µ N Ψ are non-constant mappings. Definition 3.11. A non-constant bipolar fuzzy ideal Ψ = X; µ P Ψ , µ N Ψ of a commutative BCK-algebra X is said to be prime if for all x, y ∈ X,
Since x ∧ y ≤ x, y and since µ P Ψ is order reversing and µ N Ψ is order preserving, it follows that µ P By routine calculations we know that Ψ = X; µ P Ψ , µ N Ψ is a bipolar fuzzy ideal of X, but not a bipolar fuzzy prime ideal of X because Proof. Let Ψ = X; µ P Ψ , µ N Ψ be a bipolar fuzzy prime ideal of an implicative BCK-algebra X such that Ψ, (a, b) = X; µ, a , b) is a bipolar fuzzy prime ideal of X. This completes the proof.
bipolar fuzzy prime if and only if µ
P Ψ (x ∧ y) = max{µ P Ψ (x), µ P Ψ (y)} and µ N Ψ (x ∧ y) = min{µ N Ψ (x), µ N Ψ (y)}, for all x, y ∈ X.µ P Ψ (a ∧ b) = 1 ≤ 0.8 = max{µ P Ψ (a), µ P Ψ (b)}.P Ψ , µ, b N Ψ is non-constant. Clearly, Ψ, (a, b) is a bipolar fuzzy set of X. Let x, y ∈ X. Since Ψ = X; µ P Ψ , µ N Ψ is a bipolar fuzzy prime ideal X, we have µ, a P Ψ (x ∧ y) = µ P Ψ ((x ∧ y) * a) = µ P Ψ ((x * a) ∧ (y * a)) ≤ max{µ P Ψ (x * a), µ P Ψ (y * a)} = max{ µ, a P Ψ (x), µ, a P Ψ (y)}, and µ, b N Ψ (x ∧ y) = µ N Ψ ((x ∧ y) * b) = µ N Ψ ((x * b) ∧ (y * b)) ≥ min{µ N Ψ (x * b), µ N Ψ (y * b)} = min{ µ, b N Ψ (x), µ, b N Ψ (y)}. Thus, the extension Ψ, (a, b) = X; µ, a P Ψ , µ, b N Ψ of Ψ by (a
Bipolar fuzzy commutative ideals
Definition 4.1. A bipolar fuzzy set Ψ = X; µ P Ψ , µ N Ψ in X is called a bipolar fuzzy commutative ideal of X if it satisfies (BI1) and Proof. Let Ψ = X; µ P Ψ , µ N Ψ be a bipolar fuzzy commutative ideal of X. Clearly, Ψ satisfies the condition (BI1). Let y = 0 in both (BC1) and (BC2).
Hence, Ψ satisfies conditions (BI2) and (BI2). Thus, Ψ = X; µ P Ψ , µ N Ψ is a bipolar fuzzy ideal of X. This completes the proof.
A bipolar fuzzy ideal of a BCK-algebra X may not be a bipolar fuzzy commutative ideal of X. Then Ψ = X; µ P Ψ , µ N Ψ is a bipolar fuzzy ideal of X. But it is not a bipolar fuzzy commutative ideal of X,
Then it is a bipolar fuzzy commutative ideal of X if and only if it satisfies the conditions
Proof. (⇒) It is straightforward by taking z = 0 in Definition 4.1. (⇐) Let Ψ = X; µ P Ψ , µ N Ψ be a bipolar fuzzy ideal of X. Assume that it satisfies the condisions (a) and (b). Let x, y, z ∈ X. Then Proof. Let Ψ = X; µ P Ψ , µ N Ψ be a bipolar fuzzy ideal of a commutative BCK-algebra X. Let x, y, z ∈ X. Then
Similarly, we have µ N Ψ (x * (y * (y * x))) ≤ max{µ N Ψ ((x * y) * z), µ N Ψ (z)}, for al x, y, z ∈ X. Thus, Ψ = X; µ P Ψ , µ N Ψ is a bipolar fuzzy commutative ideal of X. This completes the proof. 
